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Abstract-We demonstrate that a formulation of the obnoxious single facility location problem is 
equivalent to the complex moment problem. The equivalence is understood in the sense that the 
critical points of the potential function defming the location problem are equal to the zeros of the 
function defining the complex moment problem. 
The obnoxious single facility location problem (NOXP) can be formulated 
(1) 
where, 
Sn = {&,Az,...,An) is a random point set in R2, 
Ai = (~3 yi) re P resents the position of city Ai, 
C&(X) = d (X,Ai) is the Euclidean distance from X to Ai; i.e., 
= d(z - xi)” + (y - yi)2 9 
and the solution X’ is constrained to lie within the convex hull of S,,, CH($); otherwise, the 
(trivial) solution to (1) would lie at infinity. Observe that as the location X of the facility 
approaches any Ai, di(X) -+ 0 and so log di(X) + --oo. The log function provides a barrier 
to the points. Since we are maximizing the summation of such terms, X will thus “stay away” 
from all Ai simultaneously. Since the objective function (1) is harmonic, it is a well-known fact 
from complex variable theory that the maximum and minimum values occur on the boundary of 
CH(&). 
This formulation for locating an obnoxious facility leads to a consideration of zerodimensional 
analytic centers. Call the points that form the vertices of a convex polygon Pn, where P,, = 
AlA2.. .A,. Then, under this representation the critical points associated with the potential 
function defined by (1) is called a zero-dimensional analytic center u(P,). It can be considered 
the lower-dimensional version of an analytic center described by Sonnevend [l], and it has been 
characterized as follows [2]: 
u(P,,) is a point within P,, such that the vector emanating from u(P,,) in the direction of 
vertex Ai, with magnitude equal to the value of the inverted distance (to the vertex), when 
summed over the set P,, yields zero. 
This characterization also holds for randomly selected points in the plane, and thus for a($,). 
NOW the complex moment problem (COMP) has a physical interpretation consistent with the 
formulation of (NOXP). Namely, consider a neutral particle acted upon by n repulsive forces 
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emanating from fixed charges in the plane. The particle will want to “stay away” from the other 
charged particles due to the repulsive forces, Find the position(s) in the plane where the particle 
will be in equilibrium; i.e., 
Find the point z subjected to n repellant forces such that 
(2) 
where the vector determined by l/(z - Zi) re p resents a force directed from zi to Z, with 
magnitude inversely proportional to distance. 
See, for instance [3, Part 3, Chapter 1, Problems 28-351, where aspects of this problem are 
described. 
PROPOSITION. The critical points of the potential function defining (NOXP) are equal to the ze- 
ros of the function F(2) defining (COMP), and hence, under this correspondence, the formulations 
can be considered equivalent. 
PROOF. This follows at once from the characterization of a(S,,): 
u(Sn)={XEA21~&=0, i=l,..., n}. 
From Euler’s formula, 
c 
ei”’ 
c COS 29i + i sin I9i di(X)= 4(X) = c 
where r9i is the angle point Ai makes with the x-axis. Now from (2), 
c 
2 - xi 
2 - zi)2 + (y - Yi)2 
-i 
C( 
Y - Yi 
2 - Xi)2 +(Y -Yi)2 
= c, x-xi 
1 
x - Xi)” + (Y - Yi)2 d(z - Xi)2 + (Y - Yi)” 
-i 
c, 
Y - Yi 1 
(x - zi)2 + (Y- yi)2 d(X -Xi)2 + (y- yi)2 
= p&;~%& 
* i (3) 
Since Cl/(% - Zi) = 0 + i0, it is clear that the real and complex quantities of (3) are equivalent 
to the characterization of a($). Hence, the O-D analytic center a(&) can be interpreted as a 
solution to the complex moment problem. More simply, observe that this follows immediately 
for F(Z) and z-zj = pe i9j. Hence, through this equivalence we can now apply complex variable 
techniques and tools from algebraic geometry to the solution of the general location problem. 
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